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1.  Introduction to Markovian Process
Assume some quantity (think of proportion of 
certain alleles) change as a function of time:
We consider a situation in which we can calculate 
only the probability such as:
For
(t)AA(t)   1,(t)A(t)A 121 ≡=+
 ,ttt n21 <<< 
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Define 
Markovian Process
can be determined by      and             .
)t ,A ; ;t ,A ;t ,(AP
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)t ,A t ,(A T)t ,A t ,A ; ;t ,A ;t ,(A T nn1n1nnn1n1n2211 −−− ≡
n1n321n1n2nn1nn TTTTPTTPTPP −−−− ====∴   
nP 1P n2 TT 
Examples
Substituting this to the trivial equation:
We get
ChapmanKolmogorov
)t ,At ,A(T )t ,A(P)t ,A ;t ,A(P 33111133112 =
)t ,At ,A(T )t ,At ,A(T )t ,A(P)t ,A ;t ,A ;t ,A(P 33222211113322113 =
∫= )tAtAtA(PdA)tAtA(P 3322113233112  , ; , ; , , ; ,
∫= )t ,A t ,A(T )t ,A t ,A(TdA)t ,A t ,A(T 3322221123311
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We may put
Then, it is easy to show
master equation
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Langevin  vs. Fokker Plank
We start from the Master equation:
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We get the following Fokker Planck

______________________






































2. Application of Markovian Process
to Equation of Population Genetics
KimuraWright’s FokkerPlanck equation
Motoo Kimura:  Stochastic Process …, Wisconsin 1955
S :  approximate selection coefficient
Compare this with the general FokkerPlanck.  
Then,
We get
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0x = 1x =
general case












in1 n2A)AA(A   , , ,






















The similarity to Schrödinger equation is obvious:
large,                   small :  classical approximation
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3. New Approach to Evolution Process
A, D, G, C                a, a, a, a
for all
Book keeping           (3’ 5’)
DNA
:  species number
:  individual number
:  chromosome number
:  base number         
{ } , , ijji aa δ=+ 0aa ji = 4321ji  , , ,   , =
[ ] 0ai  +Π [ ]   , , , 4321i =













 , individual an to dingfcorrespon state  :  ,  














{ }  , ±= 33 
[ ] [ ]

























ψψ    
－	75	－
◉ number of specific genotypes 
(in case of two alleles A1, A2)
{ }
{ }




















































ψψ    
◉ evolutionary distance
sequence s
[ ] [ ]{ } εδδ  +=+ ''ii'ii aa  , 
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◉ number of specific genotypes 
(in case of two alleles A1, A2)
{ }
{ }




















































ψψ    
◉ evolutionary distance
sequence s
[ ] [ ]{ } εδδ  +=+ ''ii'ii aa  , 



















ψψ    
 homozygosity











Extension of Markovian Process
ChapmanKolmogorov
:   operator form of CK
Solution
221112211 tA)t(TtA)tAtA(T  , t ,  , ,  , 2

=
∫ = )tAtA(T)tAtA(T)tAtA(TAd 3311332222112  ,  , ,  ,  ,  ,

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can be expressed as path integral.
+aa        
222111 tA)tt(Tt,A  ,  ,    
notational change







State corresponding to        individual in   species
{ } { })xx(x 21 3x  ,  ,=
{ } { } ±== s   ,s ,22 xx
{ } { }z)sy(x3  , ,=
{ }
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(in case of sexually reproducing species)
Birth Operator
female representations (symmetric to male representations)
or        specifies the possible choice of haploid :
4  :  n : number of chromosome
{ } { }{ }z)sy(xx 1  , , , ,x , 2 +=
+
{ } { }{ }z)sy(xxx 21  , , , , , ′−′′=′
−










+−≡′′′′ xixiy121 aasx;sxx(B z ,2x ,  , Π
{ } { }±±±=  , , , s { }s ′
registration (specification of {x, x, x} of new born baby)
Question of ordering of  (x2’{s’}; x2{s*})
if
if                   then                                       if
if        has more + on the left 
we count S* then S’
This uniquely defines
Define 
Then                                                     :
B : Birth Operator
)xx()xx( )2(2)2(2)1(2)1(2  , , ′<′













{ } { })2()1( ss   < )1(s
{ }c3c2c1
c xxxx  , ,=
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coupling constants or vertex functions
zeroth approximation
first approximation                              (?)
d’ :  entire evolutionary distance excluding  
the sex chromosome
{ } { }{ }zsyxxx 21  , , , , , ′−′= −
−
{ } { }{ }z)sy(xxx 21  , , , , , += +
+
{ } { }{ }z , , , , , syx~xx 2c1
c
±=




cc ddde −+−+ ′−′−′− γβα
define
define the stochastic ensemble:
)xxx(B)xxx(g)x(F ccc  ; , ; , −+−+≡
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
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define the stochastic ensemble:
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   ,            
  



















numbers base new    :   )ZnZ(x y +→= 
Gene Approximation
z :  base number           locus number
na :  number of alleles
{ } { }[ ]zyxxx 21  , , , , , ±±=
[ ] [ ]{ } xxijxixi aa ′′′ = δδ , 











=)t(H3 [ ] [ ]f12f11 zzzyi)zz(zzzyiaZ
a <<++
−+<<+′
 , , 
Π
[ ] [ ]f21f22 zzzyi)zz(zzzyi aa <<−
+
−+<<−′  , ,
[ ] [ ]f22f11 zzzyi)zz(zzzyi <<−=−+<<+′  , ,
[ ] [ ]f11f22 zzzyi)zz(zzzyi <<+=−+<<−′  , ,
Coincidental Evolution
d (evolutionary distance) as a function of t may not 
be a simple increasing function of t.













=)t(H3 [ ] [ ]f12f11 zzzyi)zz(zzzyiaZ
a <<++
−+<<+′
 , , 
Π
[ ] [ ]f21f22 zzzyi)zz(zzzyi aa <<−
+
−+<<−′  , ,
[ ] [ ]f22f11 zzzyi)zz(zzzyi <<−=−+<<+′  , ,
[ ] [ ]f11f22 zzzyi)zz(zzzyi <<+=−+<<−′  , ,
Coincidental Evolution
d (evolutionary distance) as a function of t may not 
be a simple increasing function of t.
Ohta:  identity coefficient
t
d
4. Somatic Cell Division





It is crucially important to understand the process 
of the individual level from its birth to death.
This provides an appropriate theoretical framework 
to such fields as embryology, ontogeny, immunology, 




[ ] )t(a xi
[ ] )1t(a xi +
[ ] )1t(a Nxi ++
[ ] [ ] [ ] )t(a)1t(a)1t(a)x(fF xi* Nxi*xixt ++= +Π
tt FlogH  =












External variable    A, A’




xixxxx 321  , ,=
Πγ
x)xxx( 321 → , ,
)nn(F)n(T bRbR p1  , ,γγ =
[ ] [ ]∑∑ ′++ xjx**xix bA)b(fbA ΠΠ
5. Concluding Remarks
 It is very important to understand the behavior of the 
mating population
Human case:  collaboration of researchers of 
different disciplines
 Life form is not a complex system.
The concept of fractal or chaos could be important:
nonlinear system.
 Such technique as renormalization a quantum group will be 
important
 Necessity of combining the population and somatic 
approaches
Unification of biology and physics!
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